The response of an intense beam of interacting particles to a deflecting rf-signal is computed theoretically and shown to be 
The Mura group2 also gave a simplified analysis of the method, based on a single particle dynamics.
Although the model considered by the Mura group explains some of the important features of the instability, it does not include the interaction of the particles through both local and wake fields, nor does it give a quanti tative description of the effect of Landau average revolution frequency and Q o is the small-amplitude tune of a particle of average energy). The time deri vati ve occurring in (1.1) is the "hydrodynamic derivative" evaluated at the frequency of a natural mode of the system, is a measure of stability. The response of a beam to a driving force provides a measure of the damping constant at neighboring frequencies 
E~uations of Motion
The equation of motion of the i-th particle may, in linear cation), are derived in Appendix 2 and summarized in Table 1 . We note that the "single particle frequency shift" A is real, whereas the "coherent shift" B includes contributions fro:n resistive valls approximation, be written as x. x=~l: Xi r:::: f n (p) x (p) dp
Coherent betatron frequency depression due to space-charge (coherent Laslett Q-shift) Incoherent~-shift due to spacecharge (single-particle Q-shift)
By combining these relations,
The above L' lQ includes in-phase (resistive) components of the selffield. c
Solution of the Basic Equation
In solving (1.1) we must take the effect of frequency spread
The function n(p) is the energy distribution function of the particles, and Jm n(p)dp = 1. Both Q and Dare :runctions of p.
o Equations (2.2), (2.4), and (2.5) describe the response of the beam. In addition to the particular solution (2.2) the oscillation into account. The case in which this spread is due to momentum of a particle contains the free betatron oscillation which is of motion (2.3). If the beam is unstable there will be growing random phase and therefore does not contribute to the average to the rf. This point is elaborated upon in Section 5.
These terms don 't contribute to the response at frequency W rf '
although they usually would preclude observation of beam response collective oscillations at the frequencies of the beam normal modes.
(2.1)
Therefore, following the procedure first outlined by E. Courant 5 , we spread is simple and will be considered first. The response of the l.h.s. of (1.1) to the driving force Ge-iWrf t is simply -iw t Ge rf
Next, we proceed to include the frequency spread due to nonlinearities in the external focusing. It was pointed out by Hereward 6 that in this case the response of the l.h.s. of (1.1)
to the driving force Ge-iWrf t is -7 -
Here K =~di~)~is determined by the amplitude-dependence of the external betatron frequencies QQ. Eg. (2.6) is correct to first order in K and G.
Using (2.6) we obtain in a similar fashion as vas used to derive (2.4), [see Ref. (6)J:
Now Q and Q are functions of a and p.
The observation which forms the basis for this paper is that 
where
In the present notation, we w.rite (2.6) as
are governed by the same function F(w) suggests determining the The fact that beam response (2.4b) and mode stability (2.7) mode-frequency w by analytic continuation of the iUnction F(w f) c r as measured for real frequencies (wrfJ.
To elucidate the procedure, let us introduce the inverse of F(w):
Here, g(a) is the amplitude distribution function of the particles, and we have normalized g(a) such that
ã th Q and Q are functions of a.
Finally we consider the combined effect of momentum spread and )nlinearity. We first consider a group of particles with the une momentum, but of different betatron amplitude; and thereafter 3. Now, because X(w) [as defined by (2.4b), (2.5b), and (3.1)J is analytic,
rf --,.
-(2.4b) we can expand around some frequency w l to obtain X(u.;c):
g'(a) a Q n n(p) da dp is related to g(a) used above by hI = 2g'Qn and the a-and p-dependence of QQ is neglected in the numerator of the dispersion integral.
integral (2. 5b). This integral is evaluated for various distribution
functions in Refs.
(1) and (7). For convenience we include results from some representative examples in Table 2 .
X(w l ) and x(n)(w l ) can be determined for w l real from the measured response curve X(w) and hence w can be determined from (2. 
Of great interest is the imaginary part Im(w ) which is a In other words, the slopes(w ) is a direct measure of beam stability. interest for calculating the effective beam stability and this where typically 1 < n~2. We note, from Table 1 , that for n i l both 6Q. and 6Q enter into the "resonance frequency"; i. e. , lC C quantity is directly obtained from the measurement. If required, U, V, and 6S can also be derived from the beam respctlse curve, as internal forces, as well as wall terms, contribute to w r ' The described in Section 3.1.
Finally we note from the examples given in Table 2 that in general, both the "coherent Q-shift" 6Q as well as the "single c particle Q-shift" 6Q. enter into the coherent beam response. Assume an unbunched beam. Let the test particle at time t be at (A2)
Then the force acting on this particle is Hence, neglecting the imaginary part of B, in this case the Q-shift is (A + B)/2Q o S"l02 and this agrees with the usual coherent Q-shift (see Table 1 ).
If, however, the frequency spread is large, more precisely if
Iw -(n -Qo)S"lo + 2Q A S"l 1 < 16s1 o 0 If one of the frequencies (w f-nS"l.) is close to the betatron frequency (A2.5 )
1.
